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Special quadratic first integrals of geodesics 

C. D. COLLINSON 
Department of Applied Mathematics, University of Hull, - -111, 
MS.  received 22nd March 1971 

‘orks., 

Abstract. The first set of integrability conditions for the existence of a quad- 
ratic first integral of the geodesic equations in a general Riemannian space are 
obtained. A class of special quadratic first integrals is defined and their 
properties discussed. 

1. Introduction 
Several papers have appeared recently investigating the existence of quadratic 

first integrals of the geodesic equations in a Riemannian space. The  problem is of 
interest in its own right but is also motivated since knowledge of the geodesics is of 
help in analysing given space-times in general relativity (Walker and Penrose 1970). 

The differential equations of the geodesics in a Riemannian space V,  are 

These equations will admit a quadratic first integral 

aijki3i.j = constant (1.1) 
provided that the symmetric tensor aij  satisfies the equation (Eisenhart 1949, p. 128) 

a ( i j ; k )  = 

where the round brackets denote symmetrization. This equation is a generalization 
of Killing’s equation 

which is the condition for the existence of a linear first integral 

a(i;j) = 0 (1.3) 

aikt = constant. 

A symmetric tensor satisfying equation (1.2) is called a Killing tensor of rank two. 
Thomas (1946) has shown that the maximal number of Killing tensors admitted by 
a given space V ,  is n ( ~ + l > ~ ( n + 2 ) / 1 2 .  

The  integrability conditions for equation (1 2 )  have not appeared in the literature; 
they are found in $ 2. These integrability conditions involve second derivatives of 
the curvature tensor and seem far too complex to analyse in practice. For this reason 
it is appropriate to investigate whether any class of special quadratic first integrals 
can be defined in a natural manner. One such class consists of those first integrals 
generated by a covariantly constant tensor (Levine and Katzin 1968). Another class 
is defined in $ 2 ,  the first integrals of this class being analogues of those first integrals 
of a flat space which depend linearly on the (Cartesian) coordinates, The integrability 
conditions for the existence of these special quadratic first integrals are obtained in 
4 3;  their form bears a close resemblance to the integrability conditions for the exis- 
tence of a Killing vector. 
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In  § 4 it is shown that the special quadratic first integrals can be written as the 
sum of products of two linear first integrals only if the space admits a covariantly 
constant vector. This condition is very restrictive and so it is likely that the search 
for special quadratic first integrals might prove useful in the analysis of the geodesics 
of given relativistic space-times possessing groups of motion of order less than or 
equal to two. Several results relevant to such space-times are given in § 5. 

2. The integrability conditions for general quadratic first integrals 
I n  what follows the curvature tensor &jk1 is defined by the Ricci identity 

ai j ;k1  - a i j ; l k  = R p i @ p j  + R P j & i p .  (2.1) 
Suppose ail is a Killing tensor; that is a i j  is a symmetric tensor satisfying equation (1.2). 
Let ut, wi be two arbitrary vectors. Then, using equations (1.2) and (2.1) 

(2.2) 

can be rewritten as 

ai j ;k lm = akl ;m( i j )  + T( i j ) k lm  

where 
(2.4) 

T i j k l m  = - Rpi j ka lp :m-  RPi j lakp;m + RPi jmakl ;p  

f 2R’k jmap l ; i  + 2R’ i jmapk; i  + 2 R ” i k j a i p ; m  

+ 2RPlk j ;ma ip  + ( l i pk im; j  - Rpj i k ;m)ap l  + ( R P l i m ; j -  RPj l i ;m)apk*  (2.5) 
It follows from (2.4) and (1.2) that 

ai j ;k lm+ aij;Emk+aij;mkl = T( i j ) k lm+ T<i j ) lmk+ T ( i j ) m k l *  

Using the Ricci identity to permute the derivative indices on the second two terms 
on the left-hand side yields the equation 

where 
3 a i j ; k l n  = T( i j )k lm $- T( i j ) lmk  + T ( i j ) m k l  + S ( i j ) k l m  (2.6) 

S t j k l m  = 4Rpikmap j ; l  + 2RPik lapj ;m + 2Rptlmapi;k 

+ Rplkmai j ;p  + l i pk lma i j ;p  + 2Rpik l ;mapj  + 2RPikm;lapj.  (2a7)  
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It follows that the third and higher derivatives of a,, can all be found, at a point, 
in terms of ai j  and its first two derivatives. The  first set of integrability conditions 
can now be derived by equating the expressions for aij :kImn-ai j ;k lnm obtained from 
(2.6) and from an application of the Ricci identity. These integrability conditions 
involve first and second derivatives of the curvature tensor and so are too complex 
to be of practical use. However if the V ,  is assumed to be a space of constant curvature 
it is easily shown that the integrability conditions are identically satisfied. Hence a 
space of constant curvature admits the maximal number of quadratic first integrals. 
This result has been proved, less directly, by Levine and Katzin (1965). 

Equation (2.3) suggests the definition of a class of quadratic first integrals, called 
here ‘special’ quadratic first integrals, by the requirement that the tensor uij satisfies 
equation (1.2) and the supplementary equation 

Such special quadratic first integrals clearly correspond to those first integrals, in a 
flat space-time, which depend linearly upon the (Cartesian) coordinates. 

3. The integrability conditions for special quadratic first integrals 
The required integrability conditions are found by equating the expressions 

obtained for aij;,,m-ua,j:kmE from equation (2.8) and from the Ricci identity. Using 
(1 2), and relabelling indices, the integrability conditions can be written as 

Ri jk( l ;Pam)p f Rpjk ( lam)p; i  + Rtpk(l‘m)p;l f RijpU‘m)p;k+ Ri jkpaP(m;l )  = O. (3. 
The  form of equation (3.1) is very similar to the form of the integrability conditions 
for Killing’s equation (1.3), namely 

Rijkl;’aP + R p j k l a p ; i  + Rip,iap;j + RijplaP;k + RijkpaP;1 = 0. (3 -2) 
This is hardly surprising since a Killing vector necessarily satisfies an equation 
analogous to (2.8), namely 

ai;j/< = R P k j i U P .  (3.3) 
For a space of nonzero constant curvature the integrability conditions (3.1) yield, 

on contraction, aij ;k  = 0. Substituting this into (2.8) then gives aij  = 0 and so 
spaces of constant curvature do not admit special quadratic first integrals. The 
maximal number of special quadratic first integrals is n(n + 1)(2n + 1)/6 and this 
number is admitted by a flat space. 

4. A theorem on reducible special quadratic first integrals 

of two linear first integrals. Then 
Suppose a special quadratic first integral can be written as the sum of products 

aii = 2 2 CPQU,,UQj 

P.Q = 1 

where the two vectors aI i ,  a2, satisfy Killing’s equation (1.3) and the coefficients 
CpQ = CQP are constants. Substituting (4.1) into (2.8) and making use of (3.3) yields 
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Multiplying (4.2) by vkvl,  with vk arbitrary, gives 

Cllb,,b,, + C12(b,ib,, + b,,b,i) + C22b,,b,j = 0 (4.3) 
where bpi = aPi,,vk. Now suppose that C1l # 0. Then either b,i+C12b,i/C11 = 0 
or b,,+ C*2b2t/C11 = r&. Substituting this last equation into (4.3) yields 

[(C%)2+ c11c22- (C12)2]bZibZ3 = 0.  

Hence either b,, = 0 or o! can be found in terms of CPQ. I t  follows that bli and bZi 
are linearly dependent 

2 

2 KPb,, = 0 (4.4) 
P = l  

the coefficients KP being constants constructed from the CPQ. The same conclusion 
is arrived at for the case CI1 = 0. Since vk was chosen arbitrarily it follows from (4.4) 
that 

2 

2 KPaPi,k = 0 
P = l  

or 
(K la , ,  + K2a,,),k = 0.  

The results can be stated as the theorem: A special quadratic first integral in a space 
V, can be written in terms of two linear first integrals only if the space admits a 
covariantly constant vector field. 

If the special quadratic first integral is assumed to be the sum of products of 
three linear first integrals then it can again be shown that the vectors bpi (P = 1,2,3)  
are linearly dependent but now the coefficients KP are no longer necessarily constants. 

5. Special quadratic first integrals in empty space-times 

on j,k yields 

Using (1.2) this equation can be written as 

In  an empty space-time the Ricci tensor Rij vanishes and so contracting (3.1) 

Ripk($Zm)P;k + R tlcp(lam)p;k = 0 .  

R i p k ( l a P k ; m )  = O *  (5.1) 
Adding the two equations obtained by cyclically permuting the indices ilm on (5.1) 
and subtracting (5.1) itself yields 

R i p k m a p k ; ,  = 0.  ( 5 . 2 )  
This equation imposes certain restrictions. Of particular interest is the case of space- 
times of Petrov type D. Using the notation of Newman and Penrose (1962) a null 
tetrad can be chosen so that the only nonzero tetrad component of the curvature 
tensor is #,. The tetrad form of (5.2) then yields = 0, provided that # 2 + J ; 2  # 0. 
The  condition #, +$, # 0 is equivalent to the condition that the geodesic rays should 
not be twist free. Substituting aiiik = 0 into equation (2.8) then gives 

R P l k ( i a j ) p  = 

and the tetrad form of this equation leads to aij  = 0. Hence the theorem: Empty 
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space-times of Petrov type D possessing twisting geodesic rays (the Kerr solution) 
cannot admit a special quadratic first integral. 

It follows that the quadratic first integral found by Walker and Penrose (1970) 
cannot be special. 

It can also be shown that empty space-times of Petrov type N possessing twisting 
geodesic rays cannot admit a special quadratic first integral. The  proof, however, 
involves analysis of the full integrability conditions and so will not be given. 
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